Implementing the Continuous Fourier Transform by 
the Discrete Fourier Transform 

丁老師編寫
For a input function x(t), we want to calculate its Fourier transform (FT)
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Then, we want to implement the FT digitally. First, we sample the t-axis and the f-axis as  
                         t = n(t,     f = m(f.  
(2)
Then, (1) is converted into  
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            where 
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The range of n ( (((, () and m ( (((, () are impractical in implementation. Suppose that the value of x1[n] is known only when n1 ( n ( n2:       
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We also choose (f to satisfy     
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       i.e.,    
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   where Fs = 1/(t is the sampling frequency. 
(8)
Then, (5) becomes  
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Since             
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 where k is an integer,
(10)
(9) can be rewritten as
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where ((n))N means the modulus operation (即 n 除以 N 的餘數)。      
If we set 
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   if there is no n in the range of n1 ( n ( n2 that satisfies h = ((n))N, 
then (11) becomes      
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Therefore, we can use the N-point DFT to calculate the FT of x(t).   
I then summarize the process for calculating the FT of x(t) by the N-point DFT as follows
(Step 1): Choose N to satisfy   
          N ( N0,   N is an integer,  N0 is the number of input samples, see (7).    
(14)
(Step 2): Form the N-length sequence x0[n]      
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   if there is no n in the range of n1 ( n ( n2 that satisfies h = ((n))N,   

(Step 3): Perform the N-point DFT for x0[n]    
                     
[image: image17.wmf][

]

[

]

00

N

XmDFTxh

éù

=

ëû

.  
(16)
(Step 4): Multiply the result by (t        
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(Step 5): Shift the right-half part of X1[m] to the left.       

          X2[m] = X1[m]     for 0 ( m < N1,      where N1 = round(N/2),        
(18)
          X2[m(N] = X1[m]   for N1 ( m < N.           
(Step 6): 
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        where  
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(20)
Note: 

(a) Do not forget Steps 4 and 5 
(b) The method can only calculate the spectrum in the range of 
              f ( ((fs/2, fs/2) where fs = 1/(t.           
(21)
To calculate the spectrum at higher frequency, we should choose smaller (t.             
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Example:

Perform the Fourier transform for the following signal:
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x((t) = 3,  x(2(t) = 3,  x(3(t) = 6,  x(4(t) = 6,  x(5(t) = 3,  x(6(t) =6,  x(7(t) = 6,  x(8(t) = 2,   
x(n(t) is unknown when n ( [1, 8]   
(22)
(Step 1) Choose an N such that N is no less than the input samples  
      The input has 8 points. Therefore, we can choose N = 12 > 8.  
(Step 2) Form a 12-length sequence x0[h]  
   x0[h] = x(h(t)   for h = 1, 2, 3, …, 8,                  
(23)
   x0[h] = 0       for h = 0, 9, 10, 11.      
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(Step 3) Perform the 12-point DFT for x0[n]  
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(Step 4) Multiply X0[m] by (t = 0.05:    
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(Step 5) Shift the right-half part of X1[m] (m = 6, 7, …, 11) to the left.    
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(Step 6): 
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   where  
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Matlab code

N=12;                    
% Step 1

x0=[0 3 3 6 6 3 6 6 2 0 0 0];   
% Step 2

X1=fft(x0)*0.05;                   
% Steps 3 and 4

X2=X1([round(N/2)+1:N, 1:round(N/2)]);  
% Steps 5

f=[-6:5]/12/0.05;                     
% Steps 6

plot(f, real(X2), '-o', f, imag(X2), 'r-o'); axis([-11,10,-1,2])  
速記法





               





做 N 點的 DFT


� EMBED Equation.DSMT4  ���





(a) N 注意一件事：N 要不少於輸入點數





(b) Input 注意一件事： 


用 modulus 和 添零，形成N-length input 





(c) Output注意二件事： 


(i) 要乘上 (t, (ii) 並且將 DC 置於中央   





(d) 將 m 變回 f， f = m (f，注意一件事：


 (f  = sampling frequency 除以 N        





x0[h]





X0[m]





X1[m]





blue:  real part,   red:  imaginary part     





blue:  real part,   red:  imaginary part     





X2[m]





blue: real part, �red: imaginary part 





X(f)





blue: real part, �red: imaginary part 





f (Hz)





|X(f)|





f (Hz)
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